High-fidelity entangling quantum gates based on Rydberg interactions are required for scalable quantum computing with neutral atoms. Their realization, however, meets a major stumbling block -the motion-induced dephasing of the transition between the ground and Rydberg states. By using quantum interference between different detuned Rabi oscillations, we propose a practical scheme to realize a class of accurate entangling Rydberg quantum gates subject to a minimal dephasing error. We show two types of such gates, U1 and U2, in the form of diag{1, e iα , e iγ , e iβ }, where α, γ, and β are determined by the parameters of lasers and the Rydberg blockade V . U1 is realized by sending to the two qubits a single off-resonant laser pulse, while U2 is realized by individually applying one pulse of detuned laser to each qubit. One can construct the controlled-z (CZ) gate from several U1 when assisted by single-qubit rotations and phase gates, or from two U2 and two phase gates. Our method has several advantages. First, the gates are accurate because the fidelity of U k is limited only by a rotation error below 10 −5 and the Rydberg-state decay. Decay error on the order of 10
I. INTRODUCTION
Ultracold atoms are promising for scalable quantum computing [1] [2] [3] due to the ability to isolate and detect single atoms, to trap atoms in arrays of optical dipole traps, to store quantum information in the hyperfine sublevels of the ground state, and to perform high-fidelity single-qubit gates with individual addressing [4] [5] [6] [7] [8] [9] [10] [11] . In order to develop a reliable quantum computer of practical utility, a universal set of accurate, fast, and realizable quantum gates are required. Any two-qubit entangling quantum gate and a small number of single-qubit gates can form a universal set of quantum gates [12] . This leads to the general conclusion that a high-fidelity entangling gate is necessary for the development of scalable quantum computing. However, despite the fact that two-qubit gates with ultracold neutral atoms based on Rydberg interactions [13] were proposed about two decades ago [14] , and in theory high fidelity is achievable [15] [16] [17] [18] [19] , there is no substantial progress in recent experiments [20] [21] [22] [23] [24] [25] [26] .
A major factor that leads to the low fidelity of Rydberg quantum gates is the motion-induced Doppler dephasing of the atomic transition between the qubit states and Rydberg states [2, 20, 27] . To date, all Rydberg quantum gates [21] [22] [23] 25] were experimentally studied using the three-pulse method originally proposed in [14] , where the control qubit is left in a Rydberg shelving state when the target qubit is optically pumped. A problem with this method is that when the qubits drift, the phases of the laser fields used for excitation and deexcitation of the control qubit can have sizable difference. Such Doppler dephasing results in both population and phase error in the gate. This dephasing can be suppressed if no gap time is left between the excitation and deexcitation of Rydberg states. In other words, the motion-induced dephasing can be minimized if each qubit is driven only by one pulse of laser field [28] . This is why two-atom entanglement between ground and Rydberg states was only recently achieved with a high fidelity by applying a single laser pulse [29] . However, it is the entanglement between ground-state atoms that is useful for scalable quantum computing, but a practical dephasing-resilient scheme for this goal is still lacking.
In this work, we propose two types of high-fidelity twoqubit entangling gates U 1 (2) which are resilient to the motion-induced Doppler dephasing. Our method is based on quantum interference between different detuned Rabi oscillations [17, 19] , and is subject to a minimal Doppler dephasing because it is implemented either with a single square laser pulse on two qubits (for U 1 ), or with one square laser pulse on each qubit (for U 2 ). A schematic of the U 1 gate is given in Fig. 1 . There are two intrinsic fidelity errors in our method, namely, the Rydberg-state decay and a rotation error. The rotation error is below 10 −5 , thus can be neglected. Because there is no resonant transition to the Rydberg states, the population in Rydberg states is tiny. Consequently, the error caused by Rydberg-state decay can be easily reduced to the order of 10 −5 under typical experimental conditions. With the help of single-qubit gates, U 1 (2) can be transformed to the C Z gate, which is a basic gate for universal quantum computing [30, 31] . Our gate has the form of U (α, β) = diag{1, e iα , e iγ , e iβ } written in the matrix form with the two-qubit basis {|00 , |01 , |10 , |11 }. The angles α and γ are functions of the Rabi frequency Ω and detuning ∆ of the Rydberg lasers, and β is determined by Ω, ∆, and the van der Waals interaction (vdWI) V between Rydberg atoms. α is equal to γ in U 1 , and by varying Ω, ∆, and V , various combinations of α and β can be achieved as shown later. When |α/2−β| is not too small, a combination of two U 1 (α, β) and several singlequbit gates lead to a C Z [12] . For the U 2 gate, one can easily realize the cases where |β − α − γ ± π/2|/π is an odd integer, so that two single-qubit phase gates and two U 2 form a C Z gate. The comparable magnitudes of Ω, ∆, and V in our method allow a rapid implementation when both Ω and V are near the experimentally feasible value of 2π × 10 MHz [32] . We recognize that protocols of Rydberg quantum gates with single laser pulses had been proposed [33] [34] [35] . Nevertheless, the method in [33, 34] is based on an effective theory when V ≫ Ω and relies on pumping two atoms to Rydberg states with Rabi frequencies ∼ Ω 2 /V ≪ Ω; as for the method in [35] , although its speed is determined by Ω and can be large, the gate has a large rotation error in addition to the error caused by Rydberg-state decay. In contrast, our method is not only practical, but can easily attain a high fidelity that is necessary for scalable quantum computing.
The remainder of this article is organized as follows. In Sec. II and Sec. III, we outline the two protocols of U 1 and U 2 , respectively, and show how a C Z gate is formed from them. In Sec. IV, we look at the robustness of the interference method against the motion-induced dephasing of atomic transitions and variations of vdWI. In Sec. V, we discuss the prospect of extending our method to realize other types of quantum gates and using other types of Rydberg interactions. A summary is given in Sec. VI.
II. AN ENTANGLING GATE BY A SINGLE LASER PULSE ON BOTH QUBITS
In this section, we show how quantum interference between different off-resonant Rabi oscillations can faithfully lead to the following quantum gate
written in the ordered basis {|00 , |01 , |10 , |11 }. Several possible sets of values for α and β, determined by Ω, ∆, and V , can be easily found on a desktop computer, as shown later. By using the single-qubit phase gates
for both the control and target qubits, the gate in Eq. (1) becomes diag{1, 1, 1, e i(β−2α) }, which is an entangling gate when β − 2α is not a multiple of 2π.
Gate sequence Input Output
FIG. 1. Illustration of the quantum interference method to realize the U1 gate with parameters of case 1 in Table I . The input states |01 and |10 undergo four generalized Rabi cycles (N = 4) which imprints a phase α upon them, see Eqs. (7), (8) , and (9) . For the input state |11 , both laser detuning and vdWI block its resonance, thus it undergoes three types of detuned Rabi oscillations characterized with (M1, M2, M3) = (2, 1, −3), see Eq. (15) . When the laser excitation completes, the three off-resonant Rabi oscillations in |11 also finish; This is equivalent to that the three quantum evolution pathways interfere constructively so that the population is restored to |11 . The overall effect of these three detuned Rabi cycles is a pure phase change of β for the input state |11 .
The gate U 1 is implemented by applying a laser to the two qubits for the excitation |1 → |r , where |r is a Rydberg state. After performing dipole approximation and rotating wave approximation in the rotation frame, the Hamiltonian becomes, H = Ω(|0r 01| + |r0 10| + H.c.)/2 +∆(|0r 0r| + |r0 r0|)
whereĤ v1 is the Hamiltonian for the input state |11 , given byĤ
in the basis of |rr , (|1r + |r1 )/ √ 2, and |11 . We have assumed real laser Rabi frequencies in the equations above for simplicity; their phases become important when we study the Doppler dephasing later. For the widely used rubidium and cesium atoms, the qubit states |0 and |1 can be two hyperfine ground states with an energy separation of several gigahertz. The Rydberg state |r can be a high-lying s-or d-orbital Rydberg state that is easily excited by two-photon excitation via a largely detuned low-lying p-orbital intermediate state. To avoid spontaneous emission from the intermediate state, a large gigahertz-scale detuning is necessary [20] [21] [22] [23] 25] . Because the dipole moment between the low-lying intermediate state and |r is quite small, the value of a practical Ω can not be very large. For this reason, we will assume that the two-photon Rydberg Rabi frequency Ω is smaller than 2π × 10 MHz for a practical assessment of the achievable gate fidelity [15] .
Among the four input states, the state |00 remains unchanged because the qubit state |0 is not optically pumped. For the other input states, {|01 , |10 } and |11 are governed by different Hamiltonians, and we will study their dynamics successively for each case.
A. Phase accumulation of {|01 , |10 } in response to detuned Rabi oscillations
According to Eq. (3), the time dynamics should be similar for the two input states |01 or |10 . Taking |01 as an example, we cast the Hamiltonian for it into the form of a matrix,Ĥ
in the basis |0r and |01 . The above Hamiltonian can be diagonalized asĤ = χ=± ǫ χ |v χ v χ | with the following eigenvalues and the eigenvectors [17, 19] 
where
By choosing the pulse duration to be
where N is an integer, the input state |ψ(0) = |01 becomes [17] |ψ(t g ) = e iα |01
when the optical pumping completes, where
The above process is free from Rydberg blockade, thus its intrinsic accuracy is limited only by the fundamental Rydberg-state decay. Figure 2 shows a numerical simulation of the dynamics for the input state |01 using the parameters listed in case 1 of Table I . One finds that after four detuned Rabi cycles with period 2π/Ω, the state returns to itself with a phase accumulation shown in Eq. (9) . |10 has a similar time evolution as the quantum interference patterns are the same for |01 and |10 , shown in Fig. 1 .
B. Phase accumulation of |11 in response to detuned Rabi oscillations
For the input state |11 , the Hamiltonian is given bŷ H v1 in Eq. (4). Similar to Eq. (6),Ĥ v1 can also be diagonalized asĤ v1 = χ=1,2,3 ǫ χ |v χ v χ |. As shown in of the two components |01 and |0r in the wavefunction |ψ during the gate sequence when the input state is |01 . The two quantities 1 − | 01|ψ| 2 and | 0r|ψ| 2 are exactly equal to each other, resulting in the overlap for the two curves in (a). Calculation is performed by using Eq. (3) with the parameters in case 1 listed in Table I . Here arg(·) gives the argument of a complex variable. The Hamiltonian evolves the state |01 back to itself exactly. Similar behavior exists for the input state |10 .
Sec. II A, it is the eigenvalues of the Hamiltonian that matter in the time evolution. By using the Shengjin equation for the cubic equation [36] , the eigenvalues of H v1 are given by
To prevent distraction from the main theory, the eigenvectors ofĤ v1 are not shown here. The initial state |ψ(0) = |11 can be written as . The angle β − 2α shown here is deducted by an multiple of 2π so that it falls into the interval [0, 2π). Many digitals for ∆ and V are displayed because they are from numerical optimization. Here an arbitrary phase can be added to Ω with the same results achieved here. Note that for each case, a similar gate can be realized with the angle −(β − 2α) when the signs of both ∆ and V are reversed. of the three components |11 , (|1r + |r1 )/ √ 2, and |rr in the wavefunction |ψ during the gate sequence when the input state is |11 . Because the final population error in |11 is tiny, we use the common logarithm to show it. Similarly, the final population left in other states is also small, and is shown also by the common logarithm.
where α χ are functions Ω, ∆, and V . During the gate sequence, the above state becomes
In order to cause the state to return to the ground state |11 after the laser pulse finishes, we consider the following condition
where M χ are integers for χ = 1, 2, and 3. Then, when the laser excitation completes, the input state |11 becomes,
and the latter can be expressed as
using Eq. (7). Similar to Fig. 2 , Fig. 3 shows a numerical simulation of the dynamics for the input state |11 with the parameters adopted from case 1 of Table I . To emphasize how small the population error is, we use the common logarithm log 10 (1 − | 11|ψ | 2 ) to show the time evolution of the population in |11 . One finds that the population leakage out of the computational basis is on the order of 10 −10 , which means that the rotation error is negligible.
C. Accurate and rapid entangling gates without individual addressing of atoms
When the Rydberg blockade V , the duration t g , the Rabi frequency Ω, and the detuning ∆ of the laser satisfy the conditions in Eqs. (7) and (15), a transformation of Eq. (1) is realized. To minimize the gate error caused by decay of Rydberg state, a comparatively small gate time is preferred. For V , Ω, and ∆ on the order of 2π×10 MHz, a smaller N leads to shorter gate times. Because it is difficult to analytically solve the set of equations in Eqs. (7) and (15) for a chosen set of (N, M 1 , M 2 , M 3 ), we obtain a numerical solution as follows. We fix Ω/2π = 10 MHz, but vary ∆ and V when t g is given by Eq. (7), so that the transformation in Eq. (8) with α given in Eq. (9) is exact. An appropriate set of ∆ and V is first determined by the criteria of smaller rotation error, which is defined as
To guarantee a large enough intrinsic gate fidelity, we not only discard all cases with E ro > 10 −7 , but also choose cases with small enough Rydberg-state decay. An analytical approximation for the decay error [37] is given by (20) where T r (ab) is the time for the input state |ab to be in a state like |ar or |rb , while T rr (11) is the time for the input state |11 to be in |rr during the gate sequence.
In Table I , we list three sets of V , Ω, and ∆ where E ro < 10 −7 and E de < 80 ns/τ , where τ is the lifetime of the Rydberg state |r . For completeness, we also list the gate times, the integers N and M χ , χ = 1−3, and β −2α. All cases in Table I are entangling gates since the angle β−2α = 2π. However, we note that, an exhaustive search has not been done to obtain Table I , and in principle, many other cases exist with a high fidelity and a large gate speed. At a glance, it is strange to find a mismatch between the ordering of the three sets according to t g and that according to E de in Table I . To understand this mismatch, we note that both the detuning ∆ and the Rydberg blockade V for case 2 are largest, so it has a very small population in the Rydberg state. This is why despite the longest gate duration for case 2, its decay error is smaller than that of case 3.
We can ignore the rotation error since it is smaller than 10 −7 for the cases in Table I . However, it is challenging to realize a very large Ω to ensure a smaller gate time. So, it is not practical to reduce the decay error beyond 10 −6 . Then, the intrinsic fidelity error is determined by the decay error only
which is equal to 40.6 ns/τ for case 1 in Table I . For s or d orbital Rydberg states with principal quantum numbers around 100, their lifetimes are about 1 millisecond in a temperature of 4.2 K [38] . This means that the error of the gate fidelity can reach 4 × 10 −5 for case 1. We note that even if it is difficult to have a Rabi frequency of 2π × 10 MHz, a reduction by a factor of 10 of the three parameters V , Ω, and ∆ (or only the parameter τ ) will increase the decay error by a factor of 10. This still guarantees a gate fidelity of about 0.9992 − 0.9996 for all three cases in Table I. In the analysis above, we have neglected the leakage of population to other Rydberg states near |r . This is because as shown in [17] , the leakage error can be made negligible by varying Ω slightly from the chosen value (when ∆ and V are changed with the same ratio for our gate). The reason is that the leakage of population to a detuned energy level is given by [x sin(y/2x)] 2 , where y is the area of the pulse, x = Ω/ √ Ω 2 + δ 2 , and δ is the detuning of a nearby Rydberg state [19] . This method can effectively remove such population leakage especially because nearby Rydberg states usually appear almost symmetrically in pairs around |r . Another method to reduce such leakage error is by shifting away the nearby levels via external fields [18] . By either of these methods, the population leakage to nearby levels can be suppressed and Eq. (21) gives the intrinsic fidelity error for our entangling gates.
D. Construct a CZ from U1 and single-qubit gates
For neutral atoms, it is a well-established technique to transform a C Z to a CNOT [21] , which is the most well-known entangling gate for forming a universal set of quantum gates with single-qubit gates [30, 31] . For this reason, we show how a C Z can be constructed from U 1 and single-qubit gates below, where U 1 is given by Eq. (1). Because different angles β − 2α in the U 1 gate require different numbers of U 1 , we choose the U 1 with parameter set 1 of Table I as an example.
We follow the method of Ref. [12] to show how a C Z is obtained from U 1 . For brevity, we definê
as a phase shift gate, andR n (θ) ≡ e
as a rotation of angle θ around the axis n, where σ j is the Pauli matrix with j = 1 − 3. We further define the following phase change on the qubits:
and construct a controlled-π rotation about z by using the following two gates:
Here the subscript c (t) denotes the control (target) qubit, and the operator left (right) of "⊗" acts on the control (target) qubit. The reason for constructingÔ 2 U 2 1 is as follows. According to Ref. [12] , it is necessary to distinguish whether |α − β/2| is larger than π/6; if not, at least four U 1 gates are needed. A special case of |α − β/2| = 2π/3 has been studied in [12] . Because |α − β/2| < π/6 for the parameter set 1 in Table I , a new rotation with twice of the angle |α − β/2| that is larger than π/6 is needed. For this reason, we should operate two U 1 so that we get U 2 1 ; In our interference method, this can be done by doubling the pulse duration so that the angles α and β in Eq. (1) are doubled.
Five steps can form a C Z starting from the two controlled-rotations in Eq. (24) . To do this, we need two single-qubit gatesÂ andB for the target qubit and a phase gateP π/2 for the control. (i) First, applyÂ to rotate the axis of the rotation operatorÔ 1 U 1 from z to n 2 . (ii) Next, combineÔ 1 U 1 with the gate from the first step to get a controlled rotation of angle π + 2(2α − β)] about an axis n 12 . (iii) ApplyB to rotate the axis of the rotation operator of the second step from n 12 to z. (iv) Combine the rotation obtained in the last step and O 2 U 2 1 . (v) Apply the phase gateP π/2 for the control qubit. These steps can be represented mathematically by
As shown in Appendix A, one can solve forÂ =R y (θ 1 ) andB =R z (θ 3 )R y (θ 2 ), where
The angle θ 1 is a function of β/2 − α, and the above solution applies for β/2 − α > π/8. Details of the derivation for the above angles and the expressions for n 2 and n 12 are given in Appendix A. The above method demonstrates the basic procedure for constructing a C Z from U 1 and single-qubit gates, and can be used for any U 1 gate with a specific β − 2α. For instance, to construct a C Z fromÔ 1 U 1 of case 2 in Table I , we only need twoÔ 1 U 1 because |β − 2α| > π/2. The following four steps achieve this: use a single-qubit gateÂ ′ for the target to rotate the axis of the rotation 
III. AN ENTANGLING GATE BY ONE LASER PULSE ON EACH OF THE TWO QUBITS
In this section, we show how quantum interference between different off-resonant Rabi oscillations can lead to the following quantum gate 27) written in the ordered basis {|00 , |01 , |10 , |11 }. By using single-qubit phase gates,
the gate in Eq. (27) becomes U ′ 2 =diag{1, 1, 1, e i(β−α−γ) }. The angle β − α − γ can be tuned to a desired value in (0, 2π) by adjusting the laser parameters and the Rydberg blockade used in the protocol. We would like to obtain a high enough fidelity for the process, but this would impose strict gate times and achievable values of β − α − γ. By a simple numerical search, we find that β − α − γ can be tuned with a high accuracy to ±π/2, then, two U ′ 2 can be used to construct a C Z . Compared to U 1 , this method of realizing the C Z is relatively simple, but it comes with the complexity of single-site qubit addressing.
The gate is implemented by applying on each of the two qubits one laser pulse for the excitation |1 → |r . The pulse duration t k , Rabi frequency Ω k , and detuning ∆ k of the laser for the qubit k can be adjusted, where k = c or t. After performing dipole approximation and rotating wave approximation in the rotating frame, the Hamiltonian reads,Ĥ
Here ,
We define Min(x, y) as a function that returns the smaller of x and y. For t ∈ [0,Min(t c , t t )],Ĥ v is given by
written in the basis of {|rr , |r1 , |1r , |11 }. However, H v becomes
for the duration [t c , t t ] if t c < t t , and
for the duration [t t , t c ] if t t < t c . Because the two cases in Eqs. (32) and (33) are equivalent, we consider the case in Eq. (32) as an example. Furthermore, we impose the following condition: when the laser excitation on the control qubit completes, there is no population in either |rr or |r1 so that Eq. (32) becomes
in the basis of {|1r , |11 }.
A. Phase accumulation of {|01 , |10 } Following the study in Sec. II A, the pulse durations for the control and target are chosen as
where N c and N t are integers, and
Similar to the derivation of Eq. (9), one finds that the angles α and γ in Eq. (27) are given by
B. Phase accumulation of |11
For t c < t t , the time evolution of |11 is governed by Eq. (31) when t ∈ [0, t c ], and by Eq. (34) when t ∈ [t c , t t ] if there is no population in either |rr or |r1 upon the completion of the laser excitation on the control qubit. This latter condition can be written as
At the end of the laser excitation for the target qubit, it is also necessary to have the following condition
Finally, in order to reach the phase accumulation β − α − γ = ±π/2 with β given by
where arg(·) returns the argument of a complex variable, we need
C. Realizing U2 with individual qubit addressing
For any given (α, γ, β), U 2 is achievable as long as there are solutions, (Ω c , ∆ c , Ω t , ∆ t , V, N c , N t ), to the six equations in Eqs. (36) , (37) , (38) , and (39) . Given the fact that there are six equations with seven variables, various solutions exist for a pure mathematical argument. However, if the gate time is too large, sizable Rydbergstate decay arises which reduces the fidelity of the gate. Thus, we would like to find solutions for short enough gate times where the rotation error is minimal. To do this, a numerical search can be employed as described in Sec. II C.
To quantify the rotation error of the gate fidelity in the computer search, we use the following definition of . Calculation is performed by using the parameters in case 1 listed in Table II with the phases of Ωc and Ωt equal to π and 0, respectively (their phases can be arbitrary). For reasons similar to the study of U1 in Figs. 2  and 3 , we use the common logarithm here.
the rotation error for numerical calculation [39] ,
where U 2 is the actual gate in the matrix form shown in Eq. (27) , and Tr denotes the trace of a matrix. Because the numerical search starts from setting the gate times in Eq. (35) with the corresponding angles α and γ in Eq. (36), U 2 has the form of diag{1, e iα , e iγ , ǫe iβ ′ }, where ǫ can be smaller than the desired value of 1 and β ′ can deviate from β. Then, the intrinsic rotation error is given by
Note that for the study of U 1 in Sec. II, the intrinsic rotation error arises solely from the population leakage because there is no error in the angles (α, β). Several hours of search performed on a desktop computer resulted in four sets of parameters, shown in Table II. In the numerical search, we restrict the Rabi frequencies to be less or equal to 10 × 2π MHz. Cases with rotation errors above 10 −5 and with decay errors over 150ns/τ were discarded. The detunings (∆ c , ∆ t ) and vdWI V for the two cases 1 and 2 (or 3 and 4) in Table II are opposite to each other, and the only observable difference between the two quantum gates is in the angle β − α − γ. At a glance, these two cases in Table II are equivalent to each other since both of them result in an angle β − α − γ = ±π/2. The reason to list both of them is that for a chosen Rydberg state |r , V is either positive or negative. Then, the two pairs for cases (1, 2) and (3, 4) in Table II reveal that for any chosen Rydberg state, it is possible to achieve the U 2 gate with a high accuracy.
As an example, we take the parameters in case 1 of Table II to demonstrate how the gate works. The time evolution of the three input states |01 , |10 , and |11 is given in Figs. 4 and 5. Although we have assumed that the two external pulses on the control and target qubits begin at exactly the same moment, we found that the gate accuracy does not suffer if it is not strictly satisfied.
Again, we emphasize that the listed cases in Table II may not be the only cases to realize U 2 . If we allow larger rotation and decay errors, many more cases can be found with gate errors on the order of 10 −3 − 10
with experimentally feasible conditions. Furthermore, it should be possible to find more high-fidelity gates U 2 in a more exhaustive numerical search. Here we have shown the basic method to realize the interference quantum gate based on Rydberg blockade, upon which experimentalists can find a set of parameters in their own setup.
D. Construct a CZ from U2 and single-qubit gates
The method for constructing a C Z from U 2 is much simpler compared with that from U 1 . This can be done by using two U 2 when assisted by two phase gates defined in Eq. (22) . For each U 2 in Table II gates,
If a CNOT is desired, an extra rotation of π/2 about y axis in the target can be used. In comparison to the relatively complex method of realizing a C Z by using U 1 shown in Sec. II D, the U 2 gate seems more favorable because it needs much fewer singlequbit gates. However, the realization of U 2 depends on single-site addressability. So the U 1 gate may be more useful because it is easy to realize high-fidelity singlequbit gates in arrays of neutral atom [7, 10] .
IV. RESILIENCE TO MOTION-INDUCED DEPHASING OF ATOMIC TRANSITIONS
The main advantage of the interference method is that there is only one pulse of laser excitation for each qubit, so that no gap time is allowed in which the qubit is left in the Rydberg states. This is why the Doppler dephasing is minimized [28] . To verify this assertion, we numerically investigate the error of our gate protocols by considering, for example, a qubit system of two 87 Rb atoms and the Rydberg state |r = |100s 1/2 , m J = 1/2, m I = 3/2 . This Rydberg state is relatively high, but the excitation of an even-parity Rydberg state of principal quan- tum numbers around 100 has been achieved in, e.g., Refs. [21, 22, 40] .
A proper investigation should be based on a practical atomic and optical configuration. In order to incur a less severe Doppler dephasing, we consider the excitation of Rydberg states by two counter-propagating laser fields [2] , shown in Fig. 6(a) and Fig. 7(b) , where circularly and linearly polarized laser beams are employed, respectively. The configuration in Fig. 6(a) is useful only for U 1 , while that in Fig. 7(b) can also be used for U 2 . Below, we study these two configurations separately since they involve different laser excitations.
A. Qubit configuration for circularly polarized lasers
First, we take the qubit states |0(1) = |5s 1/2 , F = 1(2), m F = 0 [21] to study the laser and atomic configuration for realizing U 1 . In this case, both the lower and upper lasers should be right-hand circularly polarized, shown in Fig. 6 . When the traps are switched off during the gate sequence, the drift of the qubits can result in phase change of the Rabi frequency, which finally leads to population leakage and phase errors as well. The larger the change of the atomic location along the propagation of the laser fields, the more the error will be. This means that if the drift speed of the qubit is set, the worst Doppler dephasing occurs when the qubit drifts along ±z. There are four possible worst cases characterized by the drift speeds of the control and target qubits (v c , v t ) = (v z , ±v z )z and (−v z , ±v z )z. Here v z = k B T a /m a is the root-mean-square speed of the atom along the quantization axis (v 2 z = v 2 /3), and k B , T a , and m a are the Boltzmann constant, atomic temperature, and the mass of a qubit, respectively.
From Fig. 6(a) , one knows that the Rabi frequencies for the control and target qubit are given by Ω c (t) = Ωe i(k1−k2)zc(t) ,
respectively, where
The reason to assume an equal magnitude of the laser Rabi frequencies for the two qubits is as follows. We consider that the lower and upper lasers in Fig. 6 (a) are both focused Gaussian beams [41] , with the foci at (0, 0, L/2) and a common radius of R = 10µm at their beam waist. In this case, the strengths of the laser fields at the control and target qubits are exactly the same if the two qubits are at (0, 0, 0) and (0, 0, L). For qubit cooled around or below 100µK, the deviation of the qubit location from the center of the dipole trap is small enough so that the strengths of the laser fields at the control and target qubits are still equal. To verify this argument, we take the setup analyzed in [42] as an example, where Ω c (t)/Ω t (t) is given by
where the subscript k = 1 and 2 refer to the lower and upper lasers, respectively, and
The wavelengths for the lower and upper lasers are (λ 1 , λ 2 ) = (795, 474) nm. Before and after the gate sequence, we suppose that the control (target) qubit is trapped by an optical twizzer created by a single laser beam propagating along a direction slightly tilted down (up) from z. By assuming the fluctuation of the qubit position along x, y, and z to be within 0.3, 0.3, and 4µm [21, 42] , respectively, one can verify numerically that the average value of |1 − |Ω c |/|Ω t || is below 10 −6 . Similar calculation shows that both |1 − |Ω c |/Ω| and |1 − |Ω t |/Ω| are below 10 −7 . In the presence of qubit drift and with the trap analyzed later, v z is about 40 nm/µs when T a = 10µK, thus the changes in qubit coordinates are around 10 nm for a gate cycle. Therefore, the fluctuation of the qubit position along x, y, and z can still be assumed to be 0.3, 0.3, and 4µm, and the analysis above is still applicable. So, the deviation of the Rabi frequency from the desired one only leads to an error that is much smaller than the decay error, and can be ignored. In this case, the magnitudes of Rabi frequencies in the two qubits are approximately equal, as in Eq. (42).
B. Qubit configuration for linearly polarized lasers
The qubit states can also be |0(1) = |5s 1/2 , F = 1(2), m F = 1(2) [20] . In this case, both the lower and upper lasers should be polarized along z, shown in Fig. 7 . This configuration is suitable for realizing U 2 . To use it for U 1 , one can use a beam splitter to split one laser beam to two and use a pair of mirrors to direct them to the two qubits, shown in Fig. 7(a) . In this configuration, we assume that before and after the gate sequence, each qubit is trapped by an optical twizzer created by a single laser beam propagating along x. As analyzed in the text below Eq. (44), the Rabi frequencies for both the control and target qubits can be assumed equal. In the presence of atomic drift, the Rabi frequencies for the control and target qubit are given by Ω c (t) = Ω c0 e i(k1−k2)xc(t) ,
respectively, where Ω c0 and Ω t0 are the Rabi frequencies in the absence of Doppler dephasing, and
where v c , v t = ± k B T a /m a when the Doppler dephasing is maximal, as analyzed in Sec. IV A. Because the configuration in Fig. 7(b) is useful for both U 1 and U 2 , we use it for the analysis of the gate fidelity error. The protocols for U 1 and U 2 share a similarity in that either qubit is pumped only by one laser pulse. Then, the motion-induced dephasing should be similar in these two protocols. Because it is simpler to construct the C Z gate by using U 2 , we analyze its fidelity as an example.
C. Monte Carlo simulation
For the Rydberg state |r = |100s 1/2 , m J = 1/2, m I = 3/2 , the interaction coefficient is C 6 /2π = 56.2 THzµm 6 [43, 44] . Because C 6 is positive with this Rydberg state, we consider the gate parameters in case 2 of Table II , where the interaction V is also positive. A two-qubit spacing of L = 14.8µm leads to the required V in case 2.
To proceed, Rabi frequencies given in Eq. (45) should be used in the Hamiltonians in Eqs. (30) , (31) , and (34) . With the motion of the qubit included, the actual fidelity error of the entangling gate U 2 can be numerically studied. Because of the Doppler dephasing, the realized angles α ′ , γ ′ , and β ′ can deviate from the desired angles α, γ, and β in Eq. (27) , and there can be population loss for the three input states |01 , |01 , and |11 as well. Then, we can use Eq. (40) to evaluate the gate fidelity by considering the position uncertainty of the qubits and the drift of the qubits; while both of these two are related with variation of vdWI, only the latter is related with the Doppler dephasing.
In order to characterize the position fluctuation of the qubits at the beginning of each gate cycle, we give a detailed account of the optical tweezers that trap qubits before and after the gate sequence. Each optical tweezer is created by a single laser beam with wavelength λ and waist w that propagates along x. The parameters characterizing a trap include the trap depth U , the oscillation frequencies {ω x , ω y , ω z }, and the averaged variances {σ y , and ξ = √ 2πw/λ, where U and ξ are the potential depth and anisotropy factor of the trap, respectively [45] . We set {w, λ} = {3.0, 1.1}µm and assume an experimentally feasible trap depth of U/k B = 20 mK [2] in the Monte Carlo integration for the evaluation of the gate error [17, 19, 46, 47] .
With the initial location of the qubits r c and r t determined by the above sampling method, the drift of the qubit is further considered according to Eq. (45) . In a temperature of 4.2 K, the lifetime for |r is 1.2 ms [38] , which leads to a small decay error of about 7 × 10 −5
for the U 2 gate with parameter set 2 in Table II . We consider two cases in Monte Carlo simulation: Maximal Doppler dephasing and maximal variation of vdWI. The first case corresponds to that both qubits drift along x so that the change of the phase of the Rabi frequency is maximal. The second case corresponds to that the qubits drift along z so that the change of vdWI is maximal.
In the first case, we further consider four different conditions of the qubit drift: (v c , v t ) = (v x , ±v x )x and (−v x , ±v x )x, where v x = k B T a /m a as introduced above Eq. (42) . These four cases lead to slightly different errors in the angles α, γ, and β because the change of the phases in the Rabi frequencies differs among them. As shown in Fig. 8 , the gate error for these four cases are below 10 −3 when T a < 25µK, and the increase of the dephasing error is slow when the atomic temperature increases. Due to the slow convergence of the Monte Carlo simulation, we present results for a discrete set of atomic temperatures T a up to 40µK in the simulation. Although an atomic temperature of 10µK is quite low, it is not an unachievable value as it was demonstrated in recent Rydberg-gate experiments [25, 29] . Here, the main contribution to the gate error is the Doppler dephasing and the variation of vdWI since the Rydberg-state decay induces an error below 10 −4 . In the second case, we only consider two conditions of the qubit drift: the two qubits approach or depart from each other along z. These two cases correspond to the maximal variation of vdWI. Using a numerical method similar to that for Fig. 8 , the fidelity error was calculated and shown in Fig. 9 . The gate errors in Fig. 9 are smaller compared to those in Fig. 8 . This is consistent with Ref. [19] which also found that the motion-induced dephasing is a more severe problem. Our conclusion from Figs. 8 and 9 is that a gate error ≤ 4 × 10 −4 is achievable only by cooling atoms to 10µK or below with the gate parameters in case 2 of Table II. The gate errors presented in Figs. 8 and 9 can be further suppressed by improved trapping and cooling of atoms. For example, if atoms can be cooled below 10µK [26] , the qubits will mainly locate very near to the trap centers, which can lead to smaller gate error caused by variation of vdWI. Furthermore, the colder the qubits are, the less severe the Doppler dephasing will be due to slow drift of qubits. However, it is nontriv- Table II . Here we consider the drift of the qubits that leads to maximal Doppler dephasing. The error 1−F includes Rydberg-state decay, variation of vdWI, and Doppler dephasing, where the latter two were calculated by Monte Carlo integration. The thermal distribution of the initial qubit location is simulated by assuming optical dipole traps created by single lasers propagating along x, see Fig. 7 . The trap geometry is described in Sec. IV C, and the trap depth is 20 mK. Here four combinations of the qubit drift speeds are considered:(vc, vt) = (±vx, ±vx)x. These four cases should result in maximal Doppler dephasing because the qubits drift along the direction of the laser fields.
ial to cool atoms to very low temperatures [48] [49] [50] . The main advantage of our interference method is that when the qubits are not sufficiently cooled, the gate can still attain a large fidelity. With all sources of gate imperfection included, Figs. 8 and 9 show that a gate with F > 0.999 is attainable even for T a ≈ 25µK, which is sufficient for fault-tolerant quantum computing based on certain strict assumptions [51] . Table II . The numerical method used here is the same with that in Fig. 8 , except that here we consider maximal fluctuation of the vdWI. With the initial location of the qubits taken as a thermal distribution, two worst cases of the qubit drift are considered:(vc, vt) = (vz, −vz)z and (−vz, vz)z. These two cases correspond to that the two qubits approach and depart from each other, respectively, which should result in maximal variation of vdWI [19] .
V. DISCUSSION
In this work, we have restricted our attention to twoqubit quantum gates and have shown that it is possible to construct a two-qubit entangling gate with a high fidelity in ultracold neutral atoms. Although the universal set formed by any two-qubit entangling gate and a small number of single-qubit gates is most popular [30, 31] , it is not easy to use it for all tasks in a quantum circuit. For example, sometimes a large number of two-qubit gates are needed to construct even one three-qubit gate. For this reason, it is useful to find simple ways to realize multi-qubit gate [52] [53] [54] [55] . In principle, our method can be extended to multi-qubit gate; it is computationally more demanding to find a set of practical parameters for a high-fidelity multi-qubit gate realized with a single pulse. We leave this open for future study.
The gate examples U 1 and U 2 in this work are based on a pure excitation blockade mechanism. For neutral Rydberg atoms, however, there are a rich variety of interactions, such as the first-order dipole-dipole interaction [56] [57] [58] [59] and the vdWI-based noncollinear interaction [47] . For the former type, usually multiple pairs of dipole-dipole processes exist, and it is necessary to isolate limited ones to implement a quantum gate [18, 56, 60, 61] . In this case, it becomes possible to use the isolated dipoledipole flip to construct high-fidelity entangling gates, provided ground-state cooling of qubits is available [17] . Moreover, the recently found noncollinear interaction based on vdWI exhibits extra flexibility in designing Rydberg quantum gates [47] . When the interference method in this work is used with the direct dipole-dipole and vdWI-based noncollinear interactions, it should be possible to find entangling gates that are more resilient to atomic motion-induced Doppler dephasing.
VI. CONCLUSIONS
We show that quantum interference in detuned Rabi oscillations of Rydberg atoms can lead to entangling gates of high intrinsic fidelity. Such gates are realized by sending to each of the qubits a single pulse of laser excitation, thus is subjected to a minimal Doppler dephasing of the transition between ground and Rydberg states. In this off-resonance interference method, the population in Rydberg states is small, so that the Rydberg-state decay error is tiny. Furthermore, the off resonance of the quantum oscillations arises not only because of vdWI, but also due to the detuning of the laser, thus the gate error due to the variation of the latter is small. Most importantly, the interference method does not require vdWI to be much smaller than the Rabi frequency, thus warrants a fast gate speed. These several advantages lead to a high fidelity in our method. Our numerical study shows that if laser Rabi frequency up to 10 × 2π MHz is available for the excitation of Rydberg states of a principal quantum number around 100, an entangling gate with fidelity larger than 0.999 is possible for qubits cooled to several tens of micro Kelvin. Larger gate fidelity is achievable by more adequat cooling and stronger laser powers. The prospect of realizing an accurate entangling Rydberg gate with minimal technical difficulty puts arrays of ultracold neutral atoms in the forefront of quantum information science.
e −iσ2 arccos a/2 . Similarly, by using the equationB[n 12 · (σ 1 x, σ 2 y, σ 3 z)]B † = σ 3 , we obtain,
where θ 2 and θ 3 are given by θ 2 = arccos sin (β − 2α) (1 + a) 2 cos (2α − β) ,
In conclusion, with the U 1 gate of case 1 in Table I , we need four U 1 and several single-qubit gates to construct the controlled π-rotation about the z axis, i.e.,
If we further use a phase gateP π/2 on the control qubit, one can construct a C Z , i.e., [P π/2 ⊗ I]·[Eq. (A11)]=C Z . To realize a CNOT, we need an extra rotation of π/2 about y in the target, i.e., [P π/2 ⊗ e −iπσ2/4 ]·[Eq. (A11)]=CNOT.
